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1 Introduction

In this paper we present a population-based algorithm for solving permutational optimization problems. The
presented properties and ideas are applied to the classic strongly NP-hard Quadratic Assignment Problem (QAP).
Computational experiments show that the proposed algorithm allows us to obtain results which are very close to
the best known solutions for the benchmark problems in a short time.

Discrete optimization methods are applied to time-dependent systems if there are problems with production
management and job scheduling. One can encounter such problems while preparing the travel itineraries for
tourists, the optimal ways (e.g. traveling salesman’s way), the schedule planning and the expert systems con-
nected with taking optimal decisions. Many of these deal with determining optimal scheduling (permutation of
some objects) and usually they are NP-hard. They also have irregular goal functions and very many local minima.
Classic heuristic algorithms (tabu search, simulated annealing and genetic algorithm) quickly converge to a local
minimum and the diversification of its search process is difficult. We present a general population-based method
approach that can be used to find the approximate solutions of the hard combinatorial optimization problems.
These problems can be described as follows: for a given finite set of feasible solutions,X , the goal functionF is
defined as a mappingF : x → R+. The optimization problem aims at finding the optimal solutionx∗ ∈ X with

F (x∗) = min{F (x) : x ∈ X}.

Some representative examples of the permutation problems include the Traveling Salesman Problem (Tsai et
al. [11]), the Quadratic Assignment Problem (Hasegawa et ak. [4])and the single (Abdul-Razaq et al. [1])
and multi-machine (Grabowski and Wodecki [3]) scheduling problems. Although these problems present simple
formulations, they are very troublesome, because in most cases they belong to the NP-hard problems class. For
many of these problems a natural solution representation constitutes a permutation. Because of their inherent
nature, the permutation optimization problem (POP) has a huge number of various local optima. Therefore, to
solve the problems mainly the approximate methods are used :

1. constructive methods,

2. improvement methods.
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Constructive heuristics are essentially single pass methods which construct a permutation by fixing at each step
the position of an element in the permutation. They are very fast, easily implementable, however the performance
of the generated solutions is rather poor. The second group of the methods deals with improving a given solution.
An important member of this group is the local search method. These algorithms usually finish calculations
after finding a few local optima. Thus, nowadays many approaches, not so ”sensitive” to detect local optima –
especially artificial intelligence methods, are applied to solvePOP.

In this paper we present a method which belongs to the improvement approaches for solvingPOP, and which
consists in determining and researching the local minima. This (heuristic) method is based on the following
observation. If there are the same elements in some positions in several permutations, which are local minima,
then these elements can be in the same position in the optimal solution.

The basic idea is to start with an initial population (any subset of the solution space). Next, for each element
of the population, a local optimization algorithm is applied (e.g. descending search algorithm or metaheuristics,
see Potts and Van Wassenhove [5]) to determine a local minimum. In this way we obtain a set of permutations –
local minima. If there is an element which is in the same position in several permutations, then it is fixed in this
position in the permutation, and other positions and elements of permutations are still free. A new population (a
set of permutations) is generated by drawing free elements in free positions (because there are fixed elements in
fixed positions). After determining a set of local minima (for the new population) we can increase the number of
fixed elements. To prevent from finishing the algorithm’s work after executing some number of iterations (when
all positions are fixed and there is nothing left to draw), in each iteration ”the oldest” fixed elements are set as
free.

We have adopted and tested our approach to the NP-hard Quadratic Assignment Problem (QAP). We have used
the benchmark tests taken from the QAP-Library (QAPLIB, [6]) and compared the obtained solutions with the
optimal ones or the best known. We have obtained very good solutions (with a very small percentage deviation
to the best known) by having executed a considerably smaller number of iterations and having shortened the total
calculation time.

2 Quadratic Assignment Problem

As the Traveling Salesman Problem is a special case of the QAP, the QAP is NP-hard as well. Metaheuristics such
as Tabu search, Simulated Annealing and Genetic Algorithms turned out to be very efficient methods of finding
near-optimal solutions. Simulated Annealing based algorithm was applied to QAP by Laursen [7]). Genetic
Algorithms for QAP were developed by Tate and Smith [9], then improved by Ahuja, Orlin and Tiwari [2]. Tabu
search was used by Skorin-Kapov [8] and Taillard [10] in so-called robust tabu search.

Definition of the problem. A set ofn possible sites are given andn facilities are to be located on these sites,
one facility on a site. Letcij be the cost per unit distance between facilitiesi andj, i, j = 1, 2, . . . , n, anddij be
the distance between sitesi andj.
Each solution of the QAP is a permutationπ ∈ Π, whereΠ is the set of all permutations of elements of the set
{1, 2, . . . , n}. The cost functionF which has to be minimized in the set of all possible permutations is given by
the formula:

F (π) =
n∑

i=1

n∑

j=1

cijdπ(i)π(j).

3 Population-based algorithm

Let Π be a set of all permutations of elements from the setN = {1, 2, . . . , n} and the function:

F : Π → R+ ∪ {0}.
We consider the problem which consists in determining optimal permutationπ̂ ∈ Π.

To solve this problem we propose the heuristic algorithm which examines local minima of the functionF . To
determine local minimum a local improvement algorithm is used.

We use the following notation:π∗ – sub-optimal permutation determined by algorithm,η – number of ele-
ments in population,P i – population in the iterationi of algorithm,P i = {π1, π2, . . . , πη}, LocalOpt(π) – local
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optimization algorithm for determining the local minimum, whereπ is a starting solution,LM i – a set of local
minima in iterationi, LM i = {π̂1, π̂2, . . . , π̂η}, whereπ̂j = LocalOpt(πj), πj ∈ P i, FSi – a set of fixed ele-
ments and positions in permutations of populationP i, FixSet(LM i, FSi) – a procedure which determines a set
of fixed elements and positions in the next iteration of evolutionary algorithm,FSi+1 ← FixSet(LM i, FSi),
NewPop(FSi) – a procedure which generates a new population in the next iteration of the algorithm,P i+1 ←
NewPop(FSi).

In any permutationπ ∈ P i positions and elements which belong to the setFSi (in iterationi) we callfixed,
and other elements and positions we callfree.

 

π(1) π(2) π(3) π(4) π(5) π(6) π(7)  …  π(n) 

fixed positions free positions 

fixed elements free elements 

Fig. 1 Fixed and free positions and elements.

The algorithm begins by creating an initial populationP 0 (and it can be created randomly). We set a sub-
optimal solutionπ∗ as the best element of the populationP 0,

F (π∗) = min{F (β) : β ∈ P 0}.

A new population of iterationi+1 (a setP i+1) is generated as follows: for current populationP i+1 a set of local
minimaLM i is determined (for each elementπ ∈ P i executing procedureLocalOpt(π)). Elements which are in
the same positions in local minima are established (procedureFixSet(LM i, FSi)), and a set of fixed elements
and positionsFSi+1 is generated. Each permutation of the new populationP i+1 contains the fixed elements
(in fixed positions) from the setFSi+1. Free elements are randomly drawn in the remaining free positions of
permutation.
If permutationβ ∈ LM i exists andF (β) < F (π∗), then we updateπ∗ (π∗ ← β). The algorithm finishes after a
fixed number of generations.

A fast method based on the local improvement is applied to determine the local minima. The method begins
with an initial solutionπ0. In each iteration for the current solutionπi the neighborhoodN (πi) is determined.
TheN (πi) is a subset of the set of feasible solutions. Next, from the neighborhood the best elementπi+1 is
chosen which is the current solution in the next iteration.

4 Computational experiments

Table 1 includes comparisons of the calculations betweenPBH QAP and Greedy Genetic Algorithm, GGA
(Ahuja, Orlin and Tiwari (2000)) . GGA was executed on the HP 6000 computer which has 917 MFLOPS (WIN-
TUNE98, [12]). Pentium IV 3.0 GHz, on whichPBH QAPwas executed, has 2857 MFLOPS (WINTUNE98)
so it is 3.12 times faster. Average execution times of thePBH QAPare over 4 times shorter than the execution
times of the GA. Also the average percentage deviation from optimal (or the best known) solutions are 2.5 times
smaller.

Conclusions. We have discussed a new approach to the permutation optimization problems based on the
population-based heuristic algorithm. The usage of the population with fixed features of local optima makes the
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Table 1 Percentage deviations from optima or best known solutions and time for the QAP – tests taken from the QAPLIB
[6].

Problem Opt.a
PBH QAP GGA Ahuja et al. (2000)

FPBH δPBH tPBH b δGA tGA b

Tho40 240516 240516 0.000% 9.02 0.32% 15.97
Sko49 23386 23394 0.034% 27.54 0.21% 20.87
Wil50 48816 48816 0.000% 8.04 0.07% 35.25
Sko56 34458 34466 0.023% 45.05 0.02% 49.60
Sko64 48498 48498 0.000% 68.61 0.22% 63,14
Sko72 66256 66300 0.066% 32.86 0.29% 84.63
Sko81 90998 91128 0.143% 21.35 0.20% 182.74
Sko90 115534 115678 0.125% 69.68 0.27% 211.63
Sko100a 152002 152164 0.107% 76.41 0.21% 276.80
Sko100b 153890 154022 0.086% 18.25 0.14% 245.49
Sko100c 147862 148006 0.097% 62.00 0.20% 338.57
Sko100d 149576 149810 0.156% 97.25 0.17% 338.37
Sko100e 149150 149194 0.030% 22.08 0.24% 352.12
Sko100f 149036 149376 0.228% 113.59 0.29% 357.98
Wil100 273038 273390 0.129% 38.58 0.20% 342.40
average 0.082% 47.35 0.203% 194.37

a Optimal or best known
b Time of executing in minutes

performance of the method much better than the iterative improvement approaches, such as in tabu search, simu-
lated annealing as well as classical genetic algorithms. The advantage is especially visible for large problems.
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